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ON CONTINUOUS WEAVING FUSION FRAMES IN
HILBERT SPACES
VAHID SADRI, REZA AHMADI, AND GHOLAMREZA RAHIMLOU
Abstract. In this note, we first introduce the notation of weaving c-
fusion frames in separable Hilbert spaces. After reviewing the conditions
for maintaining the weaving c-fusion frames under the bounded linear
operator and also, removing vectors from these frames, we will present
a necessarily and sufficient condition about c-woven and c-fusion woven.
Finally, perturbation of these frames will be introduced.
1. Introduction and Perliminaries
Nowadays, frames (or discrete frames) have a significant role in both pure
and applied mathematics, so that these are a fundamental research area in
mathematics, computer science and engineering. Frames were introduced by
Duffin and Scheaffer [9] in the context of non-harmonic Fourier series and
since then, there have been many generalizations such as c-frame, g-frame,
fusion frame, K-frame and etc.
Continuous frames (or briefly c-frames) were proposed by Kaiser [16] and
also independently by Ali et al. [1] to a family indexed by some locally
compact space endowed with a Radon measure. C-frames are the first gen-
eralizations frames to measure spaces. For more studies about these frames,
we refer to [13, 19].
Casazza and Kutyniok [4] were able to introduce fusion frames (or frame of
subspaces) which are an important generalization of frames. Recent studies
shows that fusion frames provide effective framework for modeling of sensor
network, signal and image processing, sampling theory, filter bank and a
variety of application that cannot be modeled by discrete frames. After,
Faroughi et al. [12] introduced c-fusion frames which have been obtained
from the combination of fusion and continuous frames. For more details, we
refer to [10, 11, 17, 18].
Recently, Bemrose et al. [3] introduced a new concept of weaving frames
which is motivated by a question in distributed signal processing. In [2, 20],
these frames have been presented for fusion frame and also, Vashisht and
Deepshikha [21] were able to introduce for continuous case. In this paper,
we will present weaving for c-fusion frames.
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Throughout this paper, (X,µ) is a measure space with positive measure
µ, H is a Hilbert space, H is the collection of all closed subspaces of H, piV
is the orthogonal projection from H onto a closed subspace V and B(H,K)
is the set of all bounded and linear operators from H to K. If H = K,
then B(H,H) will be denoted by B(H). For each m > 1, we define [m] :=
{1, 2, · · · ,m}.
We present some theorems in operator theory which will be needed in the
next sections.
Lemma 1.1. ([15]) Let V ⊆ H be a closed subspace, and U be a linear
bounded operator on H. Then
piV U
∗ = piV U
∗piUV .
If U is an unitary (i.e. U is bijective and U∗ = U−1), then piUV U = UpiV .
Lemma 1.2 ([8]). Let L1 ∈ B(H1,H) and L2 ∈ B(H2,H). Then the fol-
lowing assertions are equivalent:
(I) R(L1) ⊆ R(L2);
(II) L1L
∗
1 ≤ λL2L∗2 for someλ > 0;
(III) there exists U ∈ B(H1,H2) such that L1 = L2U .
Moreover, if those conditions are valid then there exists a unique operator
U such that
(a) ‖U‖2 = inf{α > 0 | L1L∗1 ≤ αL2L∗2};
(b) kerL1 = kerU ;
(c) R(U) ⊆ R(L∗2).
If an operator U has closed range, then there exists a right-inverse oper-
ator U † (pseudo-inverse of U) in the following sense (see [7]):
Lemma 1.3. Let U ∈ B(K,H) be a bounded operator with closed range
R(U). Then there exists a bounded operator U † ∈ B(H,K) for which
UU †x = x, x ∈ R(U).
Lemma 1.4. Let U ∈ B(K,H). Then the following assertions holds:
(I) R(U) is closed in H if and only if R(U∗) is closed in K;
(II) (U∗)† = (U †)∗;
(III) The orthogonal projection of H onto R(U) is given by UU †;
(IV) The orthogonal projection of K onto R(U †) is given by U †U ;
(V) On R(U), the operator U † is given explicitly by U † = U∗(U∗)−1.
Definition 1.1 (c-frame). Let F : X → H be a mapping such that the
mapping x → 〈h, F (x)〉 of X to C is measurable (i.e. weakly measurable)
for each h ∈ H. F is called c-frame for H (with respect to µ) if there exists
0 < A ≤ B <∞ such that for every h ∈ H
A‖h‖2 ≤
∫
X
|〈h, F (x)〉|2 dµ ≤ B‖h‖2.
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Suppose that F : X → H and we denote L 2(X,F ) the class of all weakly
measurable mappings f : X → H (i.e. for all h ∈ H, the mapping x →
〈f(x), h〉 is measurable) such that for any x ∈ X, f(x) ∈ F (x) and∫
X
‖f(x)‖2 dµ <∞.
It can be a Hilbert space with the inner product defined by
〈f, g〉 =
∫
X
〈f(x), g(x)〉 dµ, f, g ∈ L 2(X,F ).
Definition 1.2 (c-fusion frame). Assume that F : X → H such that for each
h ∈ H, the mapping x→ piF (x)(h) is measurable (i.e. is weakly measurable)
and v : X → R+ be a measurable function. Then (F, v) is called a continuous
fusion frame (or c-fusion frame) for H (with respect to µ) if there exist
0 < A ≤ B <∞ such that for each h ∈ H
(1) A‖h‖2 ≤
∫
X
v2(x)‖piF (x)h‖2 dµ ≤ B‖h‖2.
When the right hand side of (1) holds, (F, v) is called a c-fusion Bessel
sequence for H with bound B. We say (F, v) is a Parseval c-fusion frame
whenever A = B = 1. The synthesis operator is defined weakly as follows
(for more details we refer [12]):
TF : L
2(X,F )→ H,
TF (f) =
∫
X
vf dµ,
where for each h ∈ H
〈TF (f), h〉 =
∫
X
v(x) 〈f(x), h〉 dµ.
The analysis operator is given by
T ∗F : H −→ L 2(X,F ),
T ∗F (h) = vpiFh.
Finally, the c-fusion frame operator SF := TFT
∗
F is defined by
SF : H −→ H,
SF (h) =
∫
X
v2piF (h) dµ.
Hence for each h1, h2 ∈ H
〈SF (h1), h2〉 =
∫
X
v2(x)
〈
piF (x)h1, h2
〉
dµ.
Therefore,
AIdH ≤ SF ≤ BIdH
and we obtain, if (F, v) is a c-fusion frame, then SF is a positive, self-adjoint
and invertible operator.
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Definition 1.3 (weaving frame). A family of frames {fij}j∈J,i∈[m] for H
which J ⊆ Z, is said to be woven if there exist universal same positive
constants 0 < A ≤ B such that for each partition {σi}i∈[m] of J, the fam-
ily {fij}j∈σi,i∈[m] is a frame for H with bounds A and B. Each family
{fij}j∈J,i∈[m] is called a weaving.
Example 1.1. ([3]) Let ε > 0, set δ = (1 + ε2)−
1
2 and let {e1, e2} be the
standard orthonormal basis of R2. Then the two sets
Φ = {ϕi}4i=1 = {δe1, δεe1, δe2, δεe2}
and
Ψ = {ψi}4i=1 = {δεe1, δe1, δεe2, δe2, }
are Parseval frames, which are woven since each choice of σ gives a spanning
set.
2. Continuous Weaving Fusion Frames
Throughout the paper, by partition of a measure space (X,µ) we mean
partition of X into disjoint measurable sets.
Definition 2.1. A family of c-fusion frames (Fi, vi)i∈[m] for H is said to be
continuous fusion woven (or c-fusion woven) if there exist universal positive
constants 0 < A ≤ B such that for each partition {σi}i∈[m] of X, the family(
Fi(x), vi(x)
)
i∈[m],x∈σi
is a c-fusion frame for H with bounds A and B.
In above definition, A and B is called universal c-fusion frame bounds.
The following Proposition shows that every c-fusion woven has an universal
upper c-fusion frame bound.
Proposition 2.1. Let (Fi, vi)i∈[m] be a c-fusion Bessel sequence for H with
bound Bi for each i ∈ [m]. Then, for any partition {σi}i∈[m] of X, the family(
Fi(x), vi(x)
)
i∈[m],x∈σi
is a c-fusion Bessel sequence with the Bessel bound∑
i∈[m]Bi.
Proof. Let {σi}i∈[m] be any partition of X. For each f ∈ H, we have∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ ≤
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)h‖2 dµ ≤
( ∑
i∈[m]
Bi
)
‖f‖2.

In next results, we construct a c-fusion woven by using a bounded linear
operator.
Theorem 2.1. Let
(
Fi(x), vi(x)
)
i∈[m],x∈σi
be a c-fusion woven for H with
universal bounds A,B. If U ∈ B(H) has closed range, then (UFi(x), vi(x))i∈[m],x∈σi
is a c-fusion woven for R(U) with frame bounds
A‖U †‖−2‖U‖−2, B‖U †‖2‖U‖2.
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Proof. Let h ∈ R(U) and U ∈ B(H) be closed range. By
piFi(x)U
∗ = piFi(x)U
∗pi
UFi(x)
,
for all x ∈ σi and i ∈ [m], the mapping x 7→ piUFi(x) is weakly measurable.
We have by Lemma 1.1
A‖h‖2 = A‖(U †)∗U∗h‖2
≤ A‖U †‖2‖U∗h‖2
≤ ‖U †‖2
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)U∗h‖2 dµ
= ‖U †‖2
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)U∗piUFi(x)h‖
2 dµ
≤ ‖U †‖2‖U‖2
∑
i∈[m]
∫
X
v2i (x)‖piUFi(x)h‖
2 dµ
and the lower bound is evident. For the upper bound, we can write for all
h ∈ R(U),
∑
i∈[m]
∫
X
v2i (x)‖piUFi(x)h‖
2 dµ =
∑
i∈[m]
∫
X
v2i (x)‖piUFi(x)(U
†)∗U∗h‖2 dµ
=
∑
i∈[m]
∫
X
v2i (x)‖piUFi(x)(U
†)∗pi
U†UFi(x)
U∗h‖2 dµ
≤ ‖U †‖2
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)U∗h‖2 dµ
≤ B‖U †‖2‖U‖2‖h‖2.

Corollary 2.1. Let
(
Fi(x), vi(x)
)
i∈[m],x∈σi
be a c-fusion woven for H with
bounds A,B. If U ∈ B(H) is an invertible operator, then (UFi(x), vi(x))i∈[m],x∈σi
is a c-fusion woven for R(U) with frame bounds
A‖U−1‖−2‖U‖−2, B‖U−1‖2‖U‖2
Theorem 2.2. Let (F, v) and (G,w) be c-fusion woven for H and W ⊂ H
be a closed subspace. Then (F (x) ∩W,v) and (G(x) ∩W,w) are c-fusion
woven for W for all x ∈ X.
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Proof. Suppose that h ∈W and σ ∈ X is a measurable subset. Then,∫
σ
v2(x)‖piF (x)h‖2 dµ(x) +
∫
σc
w2(x)‖piG(x)h‖2 dµ(x)
=
∫
σ
v2(x)‖piF (x)piWh‖2 dµ(x) +
∫
σc
w2(x)‖piG(x)piWh‖2 dµ(x)
=
∫
σ
v2(x)‖piF (x)∩Wh‖2 dµ(x) +
∫
σc
w2(x)‖piG(x)∩Wh‖2 dµ(x).

The next proposition shows that it is enough to check c-weaving fusion
on smaller measurable space than the original which this is an extension of
Proposition 3.10 in [21].
Theorem 2.3. For all i ∈ [m], let (Fi(x), vi(x))x∈X be a c-fusion frame
for H with frame bounds Ai and Bi. If there exists a measurable sub-
set Y ⊂ X such that the family of c-fusion frame (Fi(x), vi(x))x∈Y,i∈[m]
is a c-fusion woven for H with universal frame bounds A and B. Then,
(Fi(x), vi(x))x∈X,i∈[m] is a c-fusion woven for H with universal bounds A
and
∑
i∈[m]Bi.
Proof. Suppose that {σi}i∈[m] is a partition of X. We define for each h ∈ H,
ϕ : X −→ C,
ϕ(x) =
∑
i∈[m]
χσi(x)‖piFi(x)h‖.
Therefore, ϕ is measurable. For any h ∈ H, we have∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ(x) ≤
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)h‖2 dµ(x)
≤ ( ∑
i∈[m]
Bi
)‖h‖2.
For the lower bound, it is clear that {σi ∩ Y }i∈[m] is a partition of Y . Thus,
(Fi(x), vi(x))x∈σi∩Y,i∈[m] is a c-fusion frame for H with the lower frame
bound A. Hence,∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ(x) ≥
∑
i∈[m]
∫
σi∩Y
v2i (x)‖piFi(x)h‖2 dµ(x)
≥ A‖h‖2.

Casazza and Lynch in [6] showed that It is possible to remove vectors
from woven frames and still be left with woven frames. After, this topic was
presented in [21] and now, we study it in the following Theorem.
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Theorem 2.4. Let (Fi(x), vi(x))x∈X,i∈[m] be a c-fusion woven for H with
universal bounds A and B. If there exists 0 < D < A and a measurable
subset Y ⊂ X and n ∈ [m] such that
∑
i∈[m]\{n}
∫
X\Y
v2i (x)‖piFi(x)h‖2 dµ(x) ≤ D‖h‖2 ∀h ∈ H,
then, the family (Fi(x), vi(x))x∈Y,i∈[m] is a c-fusion woven for H with frame
bounds A−D and B.
Proof. Suppose that {σi}i∈[m] is a partition of Y and {τi}i∈[m] is a partition
of X \ Y . For a given h ∈ H, we define
ϕ : Y −→ C,
ϕ(x) =
∑
i∈[m]
χσi(x)‖piFi(x)h‖,
and
φ : X −→ C,
φ(x) =
∑
i∈[m]
χσi∪τi(x)‖piFi(x)h‖.
Since (Fi(x), vi(x))x∈σi∪τi,i∈[m] is a c-fusion frame for H and ϕ = φ|Y , then
ϕ and φ are measurable. So, for each h ∈ H, we have
∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ(x) ≤
∑
i∈[m]
∫
σi∪τi
v2i (x)‖piFi(x)h‖2 dµ(x)
≤ B‖h‖2.
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Now, for the lower frame bound, assume that {ςi}i∈[m] such that ςn = ∅.
Then, {ςi ∪ σi}i∈[m] is a partition of X and so, for any h ∈ H,∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ(x)
=
∑
i∈[m]\{n}
(∫
ςi∪σi
v2i (x)‖piFi(x)h‖2 dµ(x)−
∫
ςi
v2i (x)‖piFi(x)h‖2 dµ(x)
)
+
∫
σn
v2i (x)‖piFi(x)h‖2 dµ(x)
≥
∑
i∈[m]\{n}
(∫
ςi∪σi
v2i (x)‖piFi(x)h‖2 dµ(x)−
∫
X\Y
v2i (x)‖piFi(x)h‖2 dµ(x)
)
+
∫
σn
v2i (x)‖piFi(x)h‖2 dµ(x)
=
∑
i∈[m]
∫
ςi∪σi
v2i (x)‖piFi(x)h‖2 dµ(x)−
∑
i∈[m]\{n}
∫
X\Y
v2i (x)‖piFi(x)h‖2 dµ(x)
≥ (A−D)‖h‖2.

Theorem 2.5. Let vi, wi : X → R+ be measurable functions, Xi ⊆ X
be measurable subset for all i ∈ [m] and {Fi}i∈[m], {Gi}i∈[m] be c-frame
sequences on Xi for H with frame bounds (AFi , BFi) and (AGi , BGi), re-
spectively. Assume that Fi,Gi : X → H for any i ∈ [m] such that
Fi(x) :=
{
span{Fi(x)}, x ∈ Xi
0, x /∈ Xi
, Gi(x) :=
{
span{Gi(x)}, x ∈ Xi
0, x /∈ Xi
and also
0 < AF := inf
i∈I
AFi ≤ BF := sup
i∈I
BFi <∞,
0 < AG := inf
i∈I
AGi ≤ BG := sup
i∈I
BGi <∞.
Let for all i ∈ [m],
Fi,Gi : X ×Xi 7−→ H,
Fi(x, y) = Fi(y), Gi(x, y) = Gi(y),
and
vi,wi : X ×Xi 7−→ R+,
vi(x, y) = vi(x), wi(x, y) = wi(x).
Then the following assertions are equivalent.
(I) {Fi.vi}i∈[m] and {Gi.wi}i∈[m] are c-woven for H.
(II) (Fi, vi)i∈[m] and (Gi, wi)i∈[m] are c-fusion woven for H.
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Proof. (I)⇒ (II). Suppose that σ ⊂ X is a measurable subset and h ∈ H.
Let A := min{AF , AG} and {Fi.vi}i∈[m],{Gi.wi}i∈[m] are c-woven for H with
universal frame bounds C,D for each x ∈ X and y ∈ Xi. We have
A
∫
σ
v2i (x)‖piFi(x)h‖2 dµ(x) +A
∫
σc
w2i (x)‖piGi(x)h‖2 dµ(x)
≤
∫
σ
AFi‖vi(x)piFi(x)h‖2 dµ(x) +
∫
σc
AGi‖wi(x)piGi(x)h‖2 dµ(x)
≤
∫
σ
∫
Xi
|〈vi(x)piFi(x)h, Fi(y)〉|2 dµ(y) dµ(x)
+
∫
σc
∫
Xi
|〈wi(x)piGi(x)h,Gi(y)〉|2 dµ(y) dµ(x)
=
∫
σ
∫
Xi
|〈piFi(x)h, vi(x)Fi(y)〉|2 dµ(y) dµ(x)
+
∫
σc
∫
Xi
|〈piGi(x)h,wi(x)Gi(y)〉|2 dµ(y) dµ(x)
=
∫
σ
∫
Xi
|〈h, vi(x)Fi(y)〉|2 dµ(y) dµ(x)
+
∫
σc
∫
Xi
|〈h,wi(x)Gi(y)〉|2 dµ(y) dµ(x)
≤ D‖h‖2.
With the same way, we conclude that
B
∫
σ
v2i (x)‖piFi(x)h‖2 dµ(x) +B
∫
σc
w2i (x)‖piGi(x)h‖2 dµ(x)
≥
∫
σ
∫
Xi
|〈piFi(x)h, vi(x)Fi(y)〉|2 dµ(y) dµ(x)
+
∫
σc
∫
Xi
|〈piGi(x)h,wi(x)Gi(y)〉|2 dµ(y) dµ(x)
≥ C‖h‖2,
where B = max{BF , BG}. Thus, we obtain (Fi, vi)i∈[m] and (Gi, wi)i∈[m] are
c-fusion woven for H with universal frame bounds C
B
and D
A
.
(II)⇒ (I). Suppose that (Fi, vi)i∈[m] and (Gi, wi)i∈[m] are c-fusion woven
for H with universal frame bounds C and D. Now, we can write for each
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h ∈ H,∫
σ
∫
Xi
|〈h, vi(x)Fi(y)〉|2 dµ(y) dµ(x) +
∫
σc
∫
Xi
|〈h,wi(x)Gi(y)〉|2 dµ(y) dµ(x)
=
∫
σ
∫
Xi
|〈piFi(x)h, vi(x)Fi(y)〉|2 dµ(y) dµ(x)
+
∫
σc
∫
Xi
|〈piGi(x)h,wi(x)Gi(y)〉|2 dµ(y) dµ(x)
≥
∫
σ
AFi‖vi(x)piFi(x)h‖2 dµ(x) +
∫
σc
AGi‖wi(x)piGi(x)h‖2 dµ(x)
≥ A
( ∫
σ
v2i (x)‖piFi(x)h‖2 dµ(x) +
∫
σc
w2i (x)‖piGi(x)h‖2 dµ(x)
)
≥ AC‖h‖2.
Also, we get∫
σ
∫
Xi
|〈h, vi(x)Fi(y)〉|2 dµ(y) dµ(x) +
∫
σc
∫
Xi
|〈h,wi(x)Gi(y)〉|2 dµ(y) dµ(x) ≤ BD‖h‖2.
So, {Fi.vi}i∈[m] and {Gi.wi}i∈[m] are c-woven for H with universal bounds
AC and BD. 
Example 2.1. Let X = R2, µ be the Lebesgue measure, H = L2(R) and
X1 = {(a, b) : b ≥ 0}, X2 = {(a, b) : b ≤ 0}.
Suppose that
Fi, Gi : Xi −→ H,
Fi(a, b) = µ(Xi)EaTbg, Gi(a, b) = µ(Xi)EaTb(αg),
where, α is a scaler such that |α|2 > 1, i ∈ {1, 2} and g ∈ L2(R) \ {0}. Let
vi, wi : X −→ R+,
vi(a, b) =wi(a, b) =
1
µ(Xi)
.
Therefore, we have for all measurable subset σ ∈ X and f ∈ H,∫
σ
∫
Xi
|〈f, vi(x)Fi(a, b)〉|2 dµ(a, b)µ(x) +
∫
σc
∫
Xi
|〈f, wi(x)Gi(a, b)〉|2 dµ(a, b)µ(x)
=
∫
σ
∫
Xi
|〈f, EaTbg〉|2 dµ(a, b)µ(x) + |α|2
∫
σc
∫
Xi
|〈f, EaTbg〉|2 dµ(a, b)µ(x)
≥
∫
X
∫
Xi
|〈f, EaTbg〉|2 dµ(a, b)µ(x),
where i ∈ {1, 2}. Hence, by [7] and notaitions of Theorem 2.5, {Fi.vi}i∈{1,2}
and {Gi.wi}i∈{1,2} are c-woven for H. Thus, by Theorem 2.5, (Fi, vi)i∈{1,2}
and (Gi, wi)i∈{1,2} are c-fusion woven for H.
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Theorem 2.6. Let (Fi, vi)i∈[m] be a family of c-fusion frame for H with
respect to a σ-finite measure µ. Suppose that for any partition collection of
disjoint finite sets {τi}i∈[m] of X and for any ε > 0 there exists a partition
{σi}i∈[m] of the set X \
⋃
i∈[m] τi such that (Fi(x), vi(x))x∈(σi∪τi),i∈[m] has a
lower c-fusion frame bound less than ε. Then (Fi(x), vi(x))x∈X,i∈[m] is not
a c-fusion woven.
Proof. Since (X,µ) is a σ-finite measure space, then X = ∪i∈NXi, where
Xi are disjoint measurable sets and µ(Xi) < ∞ for all i ∈ N. Assume that
τi1 = ∅ for all i ∈ [m] and ε = 1. Then, there exists a partition {σi1}i∈[m] of
X such that (Fi(x), vi(x))x∈(σi1∪τi1),i∈[m] has a lower bound (also, optimal
lower bound) less that 1. Thus, there is a vector h1 ∈ H with ‖h1‖ = 1 such
that ∑
i∈[m]
∫
σi1∪τi1
v2i (x)‖piFi(x)h1‖2 dµ < 1.
Since ∑
i∈[m]
∫
X
v2i (x)‖piFi(x)h1‖2 dµ <∞,
so, there is a k1 ∈ N such that
∑
i∈[m]
∫
K1
v2i (x)‖piFi(x)h1‖2 dµ < 1,
where, K1 = ∪i≥k1+1Xi.
Continuing this way, for ε = 1
n
and a partition {τin}i∈[m] ofX1∪· · ·∪Xkn−1
such that
τin = τi(n−1) ∪
(
σi(n−1) ∩ (X1 ∪ · · · ∪Xkn−1)
)
for all i ∈ [m], there exists a partition {σin}i∈[m] ofX\(X1∪· · ·∪Xkn−1) such
that (Fi(x), vi(x))x∈(σin∪τin),i∈[m] has a lower bound less than
1
n
. Therefore,
there is a hn ∈ H and kn ∈ N such that ‖hn‖ = 1, kn > kn−1 and
∑
i∈[m]
∫
Kn
v2i (x)‖piFi(x)hn‖2 dµ <
1
n
,
where, Kn = ∪i≥kn+1Xi. Choose a partition {ςi}i∈[m] of J, where ςi :=
∪j∈N{τij} = τi(n+1)∪(ςi∩X\(X1∪· · ·∪Xn)). Assume that (Fi(x), vi(x))x∈ςi,i∈[m]
is a c-fusion frame for H with the optimal lower frame bound A. Then, by
the Archimedean Property, there exists a n ∈ N such that r > 2
A
. Now,
12 V. SADRI, R. AHMADI, AND GH. RAHIMLOU
there exists a hr ∈ H with ‖hr‖ = 1 such that∑
i∈[m]
∫
ςi
v2i (x)‖piFi(x)hr‖2 dµ
=
∑
i∈[m]
∫
τi(r+1)
v2i (x)‖piFi(x)hr‖2 dµ+
∑
i∈[m]
∫
ςi∩X\(X1∪···∪Xr)
v2i (x)‖piFi(x)hr‖2 dµ
≤
∑
i∈[m]
∫
τir∪σir
v2i (x)‖piFi(x)hr‖2 dµ+
∑
i∈[m]
∫
∪k≥r+1Xk
v2i (x)‖piFi(x)hr‖2 dµ
<
1
r
+
1
r
< A‖hr‖2,
and this is a contradiction with the lower bound of A. 
Corollary 2.2. Let (Fi(x), vi(x))x∈X,i∈[m] be a c-fusion woven for H with
respect to a σ-finite measure µ. Then there exists a collection of disjoint
measurable subsets {τi}i∈[m] of X and A > 0 such that for any partition
{σi}i∈[m] of the set X \ ∪i∈[m]τi, the family (Fi(x), vi(x))x∈(τi∪σi),i∈[m] is a
c-fusion frame for H with the lower frame bound A.
Corollary 2.3. Suppose that (F, v) and (G,w) are c-fusion frames for H
with optimal upper frame bounds B1 and B2, respectively, and they are c-
fusion woven for H. Then, B1 + B2 is not an optimal upper frame bound
for the c-fusion woven.
Proof. Let ε > 0. Assume that B1 + B2 is an optimal upper frame bound
for the c-fusion woven. So, there exists σ ⊂ X such that
sup
‖h‖=1
( ∫
σ
v2(x)‖piF (x)h‖2 dµ+
∫
σc
w2(x)‖piG(x)h‖2 dµ
)
= B1 +B2.
Therefore, there is a h1 ∈ H and ‖h1‖ = 1 such that∫
σ
v2(x)‖piF (x)h1‖2 dµ+
∫
σc
w2(x)‖piG(x)h1‖2 dµ ≥ B1 +B2 − ε.
Thus, by the hypothesis,∫
X\σ
v2(x)‖piF (x)h1‖2 dµ+
∫
X\σc
w2(x)‖piG(x)h1‖2 dµ ≤ ε.
Now, by Theorem 2.6, we conclude that (F, v) and (G,w) are not c-fusion
woven and this is a contradiction. 
Theorem 2.7. Let (Fi(x), vi(x))x∈X be a c-fusion frame for H with frame
bounds Ai and Bi for each i ∈ [m]. Suppose that there exists N > 0 so that
for all h ∈ H, i 6= k ∈ [m] and all measurable subset Y ⊂ X,∫
Y
‖(vi(y)piFi(y) − vk(y)piFk(y))h‖2 dµ(y)
≤ N min
{∫
Y
‖vi(y)piFi(y)h‖2 dµ(y),
∫
Y
‖vk(y)piFk(y)h‖2 dµ(y)
}
.
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Then, the family (Fi(x), vi(x))x∈X,i∈[m] is a c-fusion frame with universal
bounds
A
(m− 1)(N + 1) + 1 and B,
where, A :=
∑
i∈[m]Ai and B =
∑
i∈[m]Bi.
Proof. Assume that {σi}i∈[m] is a partition of X and h ∈ H. Thus,
∑
i∈[m]
Ai‖h‖2 ≤
∑
i∈[m]
∫
X
v2i (x)‖piFi(x)h‖2 dµ
=
∑
i∈[m]
∑
k∈[m]
∫
σk
v2i (x)‖piFi(x)h‖2 dµ
≤
∑
i∈[m]
(∫
σi
v2i (x)‖piFi(x)h‖2 dµ
+
∑
k∈[m]
k 6=i
∫
σk
{
‖v2i (x)piFi(x)h− v2k(x)piFk(x)h‖2 dµ+ v2k(x)‖piFk(x)h‖2 dµ
})
≤
∑
i∈[m]
( ∫
σi
v2i (x)‖piFi(x)h‖2 dµ+
∑
k∈[m]
k 6=i
∫
σk
(N + 1)v2k(x)‖piFk(x)h‖2 dµ
)
= {(m− 1)(N + 1) + 1}
∑
i∈[m]
∫
σi
v2i (x)‖piFi(x)h‖2 dµ.
Hence, by Proposition 2.1, the proof is completed. 
3. Perturbation For C-Fusion Woven
Theorem 3.1. For every i ∈ [m], let (Fi(x), vi(x))x∈X be a c-fusion frame
for H with frame bounds Ai and Bi. Suppose that there exist non-negative
scalers λi, ηi and γi such that for some fixed n ∈ [m],
A := An −
∑
i∈[m]\{n}
(λi + ηi
√
Bn + γi
√
Bi)(
√
Bn +
√
Bi) > 0
and ∥∥∥ ∫
X
(vnf − vif) dµ
∥∥∥ ≤ ηi∥∥∥
∫
X
vnf dµ
∥∥∥+ γi∥∥∥
∫
X
vif dµ
∥∥∥+ λi‖f‖
for every f ∈ L 2(X,F ) and i ∈ [m]\{n}. Then the family (Fi(x), vi(x))x∈X,i∈[m]
is a g-fusion woven for H with universal frame bounds A and
∑
i∈[m]Bi.
Proof. By Proposition 2.1, the upper bound is obvious. For the lower bound,
assume that TFi is the synthesis operator of (Fi, vi), f ∈ L 2(X,F ) and
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i ∈ [m] \ {n}. Therefore,
‖(TFn − TFi)f‖ = ‖
∫
X
(vnf − vif) dµ‖
≤ ηi
∥∥∥ ∫
X
vnf dµ
∥∥∥+ γi∥∥∥
∫
X
vnf dµ
∥∥∥+ λi‖f‖
≤ (ηi
√
Bn + γi
√
Bi + λi)‖f‖.
Thus,
‖TFn − TFi‖ ≤ (ηi
√
Bn + γi
√
Bi + λi).(2)
For each i ∈ [m] and σ ⊂ X, we define
T
(σ)
i : L
2(X,F )→ H,
T
(σ)
i (f) =
∫
σ
vif dµ.
Then, T
(σ)
i = TFi .χσ. So, T
(σ)
i is bounded and ‖T (σ)i ‖ ≤
√
Bi for all i ∈ [m].
Similarly with (2), we can get for each i ∈ [m] \ {n},
‖T (σ)n − T (σ)i ‖ ≤ (ηi
√
Bn + γi
√
Bi + λi).(3)
We compute for every h ∈ H and i ∈ [m] \ {n},
∥∥(T (σ)n (T (σ)n )∗ − T (σ)i (T (σ)i )∗)h∥∥
≤ ∥∥(T (σ)n (T (σ)n )∗ − T (σ)n (T (σ)i )∗)h∥∥ + ∥∥(T (σ)n (T (σ)i )∗ − T (σ)i (T (σ)i )∗)h∥∥
≤ ∥∥T (σ)n ∥∥∥∥((T (σ)n )∗ − (T (σ)i )∗)h∥∥+ ∥∥T (σ)i ∥∥∥∥(T (σ)n − T (σ)i )h∥∥
≤ (ηi
√
Bn + γi
√
Bi + λi)(
√
Bn +
√
Bi)‖h‖.
Now, suppose that {σi}i∈[m] is a partition of X and TF is the synthesis
operator associated with the c-fusion Bessel sequence (Fi(x), vi(x))x∈X,i∈[m].
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Hence, we obtain for any h ∈ H,
‖T ∗Fh‖2 = |〈h, TFT ∗Fh〉|
=
∣∣∣〈h, ∑
i∈[m]
∫
σi
v2i (x)piFi(x)hdµ(x)
〉∣∣∣
=
∣∣∣〈h, ∑
i∈[m]\{n}
∫
σi
v2i (x)piFi(x)hdµ(x) +
∑
i∈[m]
∫
σi
v2n(x)piFn(x)hdµ(x)
−
∑
i∈[m]\{n}
∫
σi
v2n(x)piFn(x)hdµ(x)
〉∣∣∣
=
∣∣∣〈h, ∑
i∈[m]
∫
σi
v2n(x)piFn(x)hdµ(x)
−
∑
i∈[m]\{n}
∫
σi
(
v2n(x)piFn(x) − v2i (x)piFi(x)
)
hdµ(x)
〉∣∣∣
≥
∣∣∣〈h, ∑
i∈[m]
∫
σi
v2n(x)piFn(x)hdµ(x)
〉∣∣∣
−
∑
i∈[m]\{n}
∣∣∣〈h,∫
σi
(
v2n(x)piFn(x) − v2i (x)piFi(x)
)
hdµ(x)
〉∣∣∣
≥ |〈h, TFnT ∗Fnh〉| −
∑
i∈[m]\{n}
‖h‖∥∥(T (σi)n (T (σi)n )∗ − T (σi)i (T (σi)i )∗)h∥∥
≥ An‖h‖2 −
∑
i∈[m]\{n}
‖h‖(ηi
√
Bn + γi
√
Bi + λi)(
√
Bn +
√
Bi)‖h‖
=
(
An −
∑
i∈[m]\{n}
(ηi
√
Bn + γi
√
Bi + λi)(
√
Bn +
√
Bi)
)
‖h‖2
= A‖h‖2.
This completes the proof. 
With similar proof of Theorem 3.1, we can show the following result when
the index n is not fixed.
Corollary 3.1. For each i ∈ [m], let (Fi(x), vi(x))x∈X be a c-fusion frame
for H with frame bounds Ai and Bi. Suppose that there exist non-negative
scalers λi, ηi, γi and n ∈ [m] so that,
A := A1 −
∑
i∈[m−1]
(λi + ηi
√
Bi + γi
√
Bi+1)(
√
Bi +
√
Bi+1) > 0
and ∥∥∥∫
X
(vif − vi+1f) dµ
∥∥∥ ≤ ηi∥∥∥
∫
X
vif dµ
∥∥∥+ γi∥∥∥
∫
X
vi+1f dµ
∥∥∥+ λi‖f‖
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for every f ∈ L 2(X,F ) and i ∈ [m−1]. Then the family (Fi(x), vi(x))x∈X,i∈[m]
is a g-fusion woven for H with universal frame bounds A and
∑
i∈[m]Bi.
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